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4

2 2 2 2 8
2 4  
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    ...a b2 215 1   

b c b
b b a
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k
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a b
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x y
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d knh
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22
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2

2

2

3
2 12 6 9

1

15

4

4

36
9 6

66 3
36
6
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a b
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25 9 16
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  :c a b b b2 2 2 2 225 16 9   

 :y yx x
a b

2 22 2

2 2 1 1
16 9

  

 :y yx x
a b

2 22 2

2 2 1 1
16 9

     

-----------------------------------------------------            
38  :

x y2 23 12 
5
3
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dxdx dx
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d d
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dx dx

dy
x y

dx

dy d dy d
x y x y

dx dx dx dx

d y dy dy
y

dx dxdx

d y dy
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d d y d
y

dx dxdx

d y
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2
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1
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dxdx dx

d y
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2
2   
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dx y

dy
dx

x
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d d
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dx dx

dyx y
dx
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dx
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dx y

y x
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ydx y
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d y
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y
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2

2

2 2

2
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1

2 2 2 2
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2 1

2 1
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Q5 5 1  
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dy sec x y
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d

y tan x

t
x

d
dx
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y
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24 sin3 18cos3
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9 8 cos3 6sin3
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. . . 3
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sin5 1 5cos5

sin525
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2

2
2 2 2 0d y dyx xy x
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2

2

2

2

2

2

2
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dx dx
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dx dx dx
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dx dxdx

d y dyx x y
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x
dxdx

d yx
dx
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Q49 :  y x sin x 
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i ii

y

Solution. y x sin x

y x cos x sin x

y x sin x cos x cos x

y x sin x cos x

y x cos x sin x sin x

y x cos x sin x

y x sin x cos x cos x

y x sin x cos x

y y cos x

y y cos x

4

4

4

4

2

1 2

3

3

4

4
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dV dh dh
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dh
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dt
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0 1
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Q51 :
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dy dxx y
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Q52 :8 cm 
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Q53  :a   y 2 = 4 x   
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dt
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 Q54   :
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V ( h) h h
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r h

V r h

8
24

1 1 12 3
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1
3
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Q55  
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Q : f x sin x in ,  

:  
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0
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2
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f f a sin

f f

  

    

  c ,0
2

 :  

0 2 2 0
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f c cos c
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3 0
2

Q : f x sin x cos x in ,  
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2
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    .
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2
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f c cos c sin c
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2 233 1 1
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f x
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2

3 1
  

               f x    x ,7 0  
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f f
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2

2
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1 3
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f c
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2

2

2

3 16 16 64

3 16 48 0

4 8 4 13
2 3

8 4 13
2 13 0 4

3

f b f a
f c Theorem

b a
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b b acc c
a

c . ,

 

Q : f x x in ,
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1

2 1 3  
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x

2 1  
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1
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2
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c c
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a f
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f a h
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b . .
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1
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b
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a
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1
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1
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3
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3

2
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4
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2

x   

 , ,a b c.  
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2
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f x x ax b a b

a b .....

a b .....

22

2 0

3 2 0 3 2 2 2

0 12 4 2

0 3 2 1

  

   :a , b3 6
2

  

 :f x x x x3 23 6
2

  

          :f x x x23 3 6  

f x x Let f x x6 3 0 1
2

  

 
  



                                                     
 
  

.Q64x y3 7 0     
 y ax bx c2 ,2 1  

x 1
2

 a , b and c 
  

 :,2 1   
y ax bx c a b c ...2 1 4 2 1  

 :,2 1   
.  

at ,

y ax bx c x y
y ax b y
y a b m y m

m m

a b ...

2

1 22 1

1 2

3 7 0
2 3 0 0

4 3

4 3 2

  

x 1
2

 f 1 0
2

  

y f x ax bx c f x ax b

f a b a b ...

2 2

1
0 3

2

  

:  
a b ...

a b ...

a a b c

y f x x x

f x x f x f x

2

4 3 2

0 3

3 3 1 1 3

3

2 1 2 2 0

   

  

 :x 1
2

 .  

.Q63f x ax x c3 23   
8  x = 1 a ,c .  

 :x = 1   f 1 0  
f x ax x f x ax f a

a a f x x x c3 2

23 6 6 6 1 6

1 3

6

6 6 0
  

8  = 8 =y  x   
f x x x c

f x x x If f x

x x x or x critical numbers

3 2

2

3

3 6 0

3 2 0 0 2

  

  

  
  

,2 8
          

f x x x C

C C

3 2

3 2

3

8 2 3 2 4
  

  
  
  
  
  

f x x

Solution. f x x f x x
x

3 2

2 1
3 3

3

2

2 2
0

3 3  
  
   x = 0   

 

.Q65  :  
f x x , x

x
2 16

1 0  

Sol . f x x If f x x
x x

x x x Critical number
x

f x x f x
x x

f

2 2

3
2

2 3

16 16
2 0 2 0

162 8 2

16 322 2

2 2 4 6 0

  

  
.  

f x x f
x

2 16 2 4 8 12  
  12   =  

   



                                                     
 
 

.Q67                     f x x x3 23 4   
. = 
.  : 
.  :

f x f x , f x f x 
.  :a .)y = 0  ( 

  
b .)x = 0(  

f P ,0 4 0 4 y =  
.  : 

f x x x If f x x x
Ei x or x critical numbether rs

23 6 0 3 2 0
0 2

    

  
f  :x , x1 2 2 0  
f   ,0 2   

:  
    f M0 4  

P , M2 0 4   
    f m2 0  

P , m3 2 0     
. : 
    f x x If f x x6 6 0 1    

  
f  :x 1   ......f  :x 1  

  f ,P421 41 1 23  

  

 :  
.Q66                     f x x x 210 3   
. = 
.  : 
.  :

f x f x , f x f x 
.  :a .)y = 0  ( 

x x x x
x x x or x

P , , P ,

2 2

1 2

0 10 3 3 10 0
5 2 0 5 2

5 0 3 0

 
  

b .)x = 0(  
f P ,30 10 0 0 10 0 10 y =  

. :    

f x x ; If f x x 33 2 0
2

   

  

  
f  :x : x 3

2
  

f    :x : x 3
2

  

f M3 9 9 4910
2 2 4 4

  

P , M4
3 49
2 4

   

. :  
f x x f x3 2 2 0  

 f     
  

  
  

  

x 3
2

x 3
2sign of f x

3
2

M



                                                     
 

 : .f x x x 21 2 :  

. = 

.  : 

.  :f x f x , f x f x 

.  :a .)y = 0  (  , , , x or x x x 21 0 2 0 1 2 0 1 2 
b .)x = 0(  

f P ,0 4 0 4 y =  

.  :f x x x x x x2 21 2 1 4 4 

f x x x3 23 4 67      .  

f x x .Q31 1 68  
1  . =  
2   . .  
3  . :  
   :f x f x , f x f x        

4  . :a (:  

y x x

x P ,x

3 3

1

0 0 1 1 1 1

1 1 2 2 0

   

  b (: 
x y P ,20 2 0 2  

5.  
2 2

 3 1  ,   0  3 1f x x x  
                =   1x  

 

    1         
- - -     - - -   

          

f x
  

f   : 1x    1x  
   

6  .     6 1     ,   6 1 0f x x x  
  1x  

 

    1          
+ + +   - - -  

  f x 

f      : 1x   f    : 1x  
               1 1 1,1f  

  

xQ . f x
x

169
1

                

1  . =/ 1  
2   .  :x = -1  y = 1  

  
3  . :

:  ,     f x f x f x f x  
4  . :a (:  

0 0 1 1 1,0y x x  
  b (: 

0 0 0 11 ,x f  
5.    

2 2

1 1 1 1 2 0
1 1

x x
f x

x x  
     
fx = -1  

  
f   : 1  1    , 2  1  x x  

/ 1!!!  

6.       
3

4  0
1

f x
x

  

  
f :    1  x f :    1  x  



                                                     
 

69 
7 .  
  
 
  
  
  

Q70 :75 
.  

 :1 - x  , y    
  2-       75 75y xx y  

  3-   =P      :2  P x y  

  4-      
2  2

2 375
75P x y x x

xp f x x
      

  5-             2( ) 150 3f x x x  

  6- 0 3 50 50 25 x x x y  

( ) 150 6 (50) 150 300 0f x x f  
  

  
Q71 :   
         4 3 cm  

          :r , h cm.    

r

.

h

r h r h
22 2 2 2

2 2

2 2 8 3 4 192

1
192

4
          

  

. V r h

. V h h

2

2

3
1

4 192
4

 
  

 

  

. V h h f h

. f h h

h h cm

test : f h h f

3

2

2

5 192
4

6 192 3
4

30 64 8
4

6 8 12 0
4

  

  
cm h8  

  Q71 :
4 2  cm  

 :  
 2x , y  cm    

  
  

      
2

2 2 24 2 32x y y x  

 :2A x y  
  

2 2 2

2 4

2 32 2 32 

2 32 

A x x x x

x x f x
  

3

2 4

3 2

64  4  2       0
2 32 

64 4 = 0 4x 16 4

x xf x When f x
x x

x x x x
  

232 32 16 4y x y  
  :8    ,  4  cm cm  

  

  

  

  

    

8 3
h

r r

4 >x2 4x0 4test by
f x

4

M



                                                     
 
  

Q72 : 5 :16 cm2 
 :x, y cm  

 :  

   166  1  A x y x yy
x

  

) = + (×2  
122 6S x f x
x

x y S  

2

2
2

162 1     0

161 0 16 4

f x When f x
x

x x
x

  

3
64 64     4  0

64
f x f

x
  

  

16 162 4 2 4 16  4f x x f cmx
   

Q73 :  
12 cm   

.  
 :  =x cm 

  
   :x , x , x12 2 12 2  

 =××  

,

V= x x x x x x

x x x f x

f x x x ,

x x

x x Either x or x cm

V f x x x

f cm the greatest volu

Doain

me

,

2

2 3

2

2

2

2 3

6 0 6

12 2 12 2 144 48 4

144 48 4

12 96 144 0

12 8 12 0

6 2 0 6 2

0 6

12 2

2 2 12 4 128

 

 

Q74 :  
12 cm .  

 :  
.  : =2x    =h  

  
  

.   :x h2 2212 12 
144 x h h2 2 24 144 x h h

x h h

2 2

224

24
  

. ) : (A x h x h1 2
2

 

.            :A x h h h h 224 

. : 

f hh h hA h h 3 42 22 244 
. : 

nd

h hf h , Let f h
h h

h h h h h

The dim

cm

x h h

x cm ensi

f h h

n

h

o  

3

2 3

3

2

4

4

2 3 2

72 4 0
2 24

72 4 0 4 18 0 18

24 24 18 18 18 6 18 6 3

2 2

24

1 23

  

  
  

 
  

  

>h24 18h0 18test by
f h

18

M

12

12

h

x h 
-1

2
  



                                                     
 
  

  Q75 .  
f x x 212 .  

 :  :f x x x2 0 0    
f x f2 0 2 0  

  
f M , M0 12 0 12  

  
A x , y  

 x , y2  

A x y f x xA x x x2 322 122 2 1  

  
Q76:y x2 2 3   
       ,0 4  

P x , y H ,0 4  

      L  x y2 2 3  

y

L x y y y

L y y f y , D

yf y , , , If f y
y y

y y x x
P

x

,

2

2 2 2

2

2

2

2

3

0 4 8 16

2 8 13

4 8 0
2 2 8 13

4 8 0 2 1 1
1 2

  

  
   

.Q77B ,6 8   
    .    

  
x , h 

         h xtan h
x x x

8 8
6 6

  

 )  :( =1
2

  ×  

x xA x h x f x
x x

x x x
f x , , , If f x

x

x x x x x

x x x A ,

2

2

2

2 2

1 1 8 4
2 2 6 6

6 8 4
0

6

6 8 4 0 4 48 0

4 12 0 12 12 0

  

  
  

AB 

AB

AB

y y
m

x x
y y ym
x x x

x y the equation of the line

2 1

2 1

1

1

8 0 4
6 12 3

4 0
3 12

4 3 48 0

 

   

y 2y 2
test by

f y
2

m



                                                     
 

.Q78 :8 cm 12 cm   

 :  .r cm , h cm  

  

 

 

 

 

 

 

 

 

.Q78  f x dx
5

2
    f x x2 3     

 :f x x2 3   f x 2 0   

 :y x x x ,32 3 0 2 3 2 5
2

   

    , ,2 3 5    I , , I ,1 22 3 3 5  

  
i i iA h M  

  

  
i i iA h m  

  
iM  

 =  
im  

 =  

  
ih b a  

  

 
iI a , b  

  

3 1 3 1 1  
I ,

f m

f M

1

1

1

2 3

2 1

3 3

  

14  6 7  3 2  
I ,

f m

f M

2

2

2

3 5

3 3

5 7

  

i i
i

U , f

h M
2

1
17

  

  
i i

i

L , f

h m
2

1
7

  

L , f U ,f
x dx

3

2

7 173 2 3 12
2 2

 

 :)p169  (   

   1 , 7 3    = × =1 1 7 3 12
2

  

.  

 . = ×  

V r h

4. V r r

. V r r f r ,with domain ,

. f r r r , , , if f r

r r r cm h cm

2

2

2 3

2

4 6
3

45 6 0 6
3

46 12 3 0
3

4 83 4 0 4 6 4
3 3

 :  

f r r f r
4 4

12 6 12 6 4 16 0
3 3

r = 4  

 



                                                     
 
  

.Q79      x x dx
4 2
0

3       

 : =h      b ah
n

4 0 1
4

   , , , ,0 1 2 3 4  

   :, , , , , , ,0 1 1 2 2 3 3 4            

f x x x f x x , , , x x ,2 33 3 2 3 2 0 1 2
2

  

  
  

  
i i iA h M  

  

  
i i iA h m  

  
iM  

 =  
im  

 =  

  
ih b a  

  

 
iI a , b  

  

1 0 1 0 1  
I ,

f m

f M

1

1

1

0 1

0 0

1 1

  

9
4

  1 9
4

  1 1  

I ,

f m

f

f M

2

2

2

1 2

1 1

2 2

3 9
2 4

  

2 
 0 2 0 1  

I ,

f M

f m

3

3

3

2 3

2 2

3 0

  

 
0 
 

-4 0 -4 1  
I ,

f M

f m

4

3

3

2 3

3 0

4 4

  

i i
i

U , f

h M
4

1

25
4

  

  
i i

i

L , f

h m
4

1
2

  

  

                                                            :i i
i

L , f h m
4

1
1 2  

i i
i

U ,f h M
4

1

252
4

  

L , f U ,f
x x dx

4 2
0

252 1743 3
2 2 8

  

 

 



                                                     
 

.Q80:
xa dx , b x dx
x

8 3 4

23 2
1

1 2 3 6 30    

 

 

L.H.S =     =    x   

 =  3 x    = 3 

xa dx x dx
x

x dx x

L.H .S

1
2 1 227 273
3 3

3 2
0 0

271 1
2 1 12 227
3 3 3

0

0
3

1 2 3
3 3 2

3
2 2

1 1

1 21 1
3 3

2 3 1 2 2 3 1 2

2 2 2 16 2 14

  

( b )               x x3 6 0 2  
  

  
  

        +   

 = - +

L.H .S x dx x dx x dx

x x x x R.H .S

4 2 4

2 2 2
2 4

2 2

2 2

3 6 3 6 3 6

3 3
6 6 30

2 2

  

Q81. a   :  

 

 

  

  

  

  

      

a

a

a

a

x dx sec x dx

solution : x dx sec x dx

x dx sec x dx

x x tan x

a a a a

a a Either a Or a

4
2

1 0

4
2

1 0

4
2

1 0

2 4
01

2 2

2

1
2

2

1
2

2

2 1 4

4

2 4 1 0 6 0

3 2 0 3 2

  

Q .82   f x x x k2 2  

( - 5 )  f x dx
3

1

  

 :- 5  =  =  
x    

         f x x , x x2 2 0 2 2 1  
 

 
 
 
 
 
 

,1 5      

  

 

f x x x k k k

f x x x

f x dx x x dx x x x

x x x

2

2

33 3
2 3 2

11 1
33 2

1

2 5 1 2 4

2 4

1
2 4 4

3

1 1 263 12 27 27 36 8
3 3 3

  

*Q .82 f x x 33 1 
,a b:   

  

   =   

b a

b a

f x dx f x dx

solution : f x x f x x

x x a

f b

f x dx f x dx f x dx f x dx

x x

0 0
2

3

1 3

0 0 0 0
1 33 2

0 0

3 3 6 3

0 6 3 3

3 3 3 1 3

3 3 3 8 27 27 46

  

  
4

1

2          3
    , compute  6             3

x x
f x f x dxx

Q .83  

:  
  

1 4 1   2      3  3  3 4 1 3,, , ,,a a a a  

1
3

3
2

3

1 2 3

3

1  3 2 3 6   

2 6

6

3

  

6

6

   33  

lim
lim

lim

lim

l

,,,

im

x

x

x

x

x

If a f defind

x L

f continuous

f x
L

L L f x exi

at

st

f af x

  

 .2f x x23 4,   

3 .f x 61 3,   
, ,1 2 3 .  

4 3 4
3 2 4
1 3

1 1 3

  6 2 6

18 6 16 9 19

f x dx dx x dx x x  

 

>x4 2x2 2

3 6
test by
x

2 42

x 1x 1test by
f x

1

m



                                                     
 

f x

f x
n

n

f xi f ' x dx ii dx iii f x e dx

f x C ln f x C

f x
f

e
n

x

C

n

11
1

1

 

.Q84 :xa dx , b x x dx
x

3 22 1

3 0

1 2
1

   

xxSolution : a dx
x

32

3

11
1

x x

x

2 1

1
dx

x x x

b x x dx x x x dx

x x x dx x x x

2

3

2
3 2

3

121

0
0

11 1 3 3 5
22 2 2 2

0 0

1 1 8 9 59
2 2 9 3

3 2 3 2 6

2 4 4

8 2
4 4 2

3 5

8 2 76
2

3 5 15

  
 

     

  
Q .Evaluate

x sin x dx x sin x dx cos x C

dx cos x dx

x s in x C

sin x dx sin x dx cos x dx

cos x dx

cos x dx

x sin

sin x

cos x

co

x s

x

x i

s

2 3 2 3 3

2
24

2

2

2

85
1 1

1 3
3 3

1
2 1 6

2
1 1

6
2 6

1
3 1 2

2
1

1 2 2
4
1

1 2 2
4

1 1 12

3

2

1

2

4

4 4

1
2

f x

f x

tan x sec x

tan x tan x tan x

tan x sec

n x C ???

cos x cos xcot x dx dx dx
sin x sin x

ln sin x C

dx dx tan x x C

dx dx

dx

ta

x

tn x sec x dx dxx

ta

n

n

a

2 2

4 2 2

2 2

22 2

3 3 1

3 3 3

3

4

5 1 5 5
4 5

5 5 5

1
5

5
1

5 3
3

6

3 3

1
3

3 1

3

f x f x
sex sec x dx dx

tan x tan x C

c x

x

22 2

3

33 3 3

1 1
3

1

3 3
9

  

 

f x f x
g x

g x

dx dx

dx

tan x sec x dx dx

tan x sec x dx d

tan x tan x tan x

tan x sec x

tan x

sin x
c

x

tan x

os x

sin x
cos x

cos x

sec x dx dx

tan x ln C

csc x dx

2

2

2

2

2

2

3 27

3 3

1 3 3 3
3

1 13 3 3
3 3

1 13

3 3 3

6 3

8

3 3 1

3

3
3

3 3
3

3

4

f x

f x f x

f x

cot x C

tan x dx tan x sec x dx tan x C
cos x

cot x cot xdx dx
cos x sin x

cot x csc x dx cot x csc x dx

2 2
2

2 2

1
2 22

1 4
4

19
2

2 210
1 2 2

12 2 2 2 2
2

1
2

2

f x f x

cot x C

csc x dx csc x dx

csc x dx

csc x dx csc x dx

csc x dx csc x dx

cot x C

cos x dx

cos x

csc x

cot x

cot x

cot x

cot x

sin x

cos x

2

2

2

2

3

3
2

4 2

2

2 2

2 2

2 2

4

4 1

4

4

4

3

1
1 6

2

2
3

11 4 4

4

4 4

1 4 4 4
4

1 1 4
12 4

13 3

1
1 6

2
dx

dx dx

dx x sin x C

csc x dx dx
sin x

dx cot x csc x dx csc x C
sin x si

cos x s

cos x cos x

cos

in x

cos x

x
n x

2 2

2
2

1 6 6

1 1 1

1 1
4 4
1 1 1 12
4 8 12

1
12

1

2
2

 



                                                     
 

f xf x

Q .Evaluate

sin x dx sin x sin x dx

sin x cos x dx

sin x dx cos x sin x dx

cos x cos x C

co s x cos x cos x
dx dx

sin x sin x
cos x sin x

dx
sin x

cos x sin x

2

3 2

2

2

3

3 2

2

86

1

1

1
3

2
1 1

1

1
1 sin x

sin x

1

1

 

/

f x f x

f x

f x

f x

f x

dx

sin x cos x dx sin x C

cos x
dx sin x cos x dx

sin x

sin x

sec x
dx ln tan x ln

tan x

e

1 2

1

2

1
2 2 2

6 6

1 2
2

6

2
4 4

4 4

11 1
2

3

1
2 2 1 2 2

2

2 3
2

4  

 

 

ln
lnx x ln

ln

ln
l nx x l n ln

l n
ln

ln l n

dx e e

e

e dx e e e

e e

 dx dx
x x x

x  dx x C C
x

sec 3

2
2 2

0
0

1
2

5
52 2 2 5 2 3

3
3

25 9

2 2

2 1

2

1

1 1
1 1

2 2

1 15
2 2

1 1
25 9 8

2 2
1 1

6
14 49 7

1
7 7

7
7

f x

tan x tan x

tan x

f x

x e dx

sec x dx Ce e

3

2 3 31 13 3
3 3

 

f x

cos x

cos x sin x dx

cos x sin x dx

 dx sin x C

sin x cos x dx

cos x

sin x cos x  dx sin x  dx

cos x dx dx

sin

sin x

cos

x cos x

x

4 4

2 2

1

2

2

2 2

2

2

2

8

1 2
2

9 2 1 2 2

2 2 2 2

2 2

2

1
2 2 2

2
f x

f x
f x

f x

f x

 dx sin x dx

cos x dx dx

cos x cos x x sin x x C

ln x
dx ln x dx ln x C

x x

sin x  dx sin x dx
x x

cos x C

cot x csc

3

1 2

3
3

3 32 2

3

2 2

1
1 4 2

2
1 1 1

2 2 4 2
6 2 4

1 110
2

2 111 2 3
3

6

12
f xf x

f x f x

xdx cot x cscx csc x dx

csc x+C

co xdx co xdsin x x

cos x sin x dx cos x sin x dx

cos x

sin x

C

cos x

3 2

3

2 2

3

6

1
3

13 3 3

22 3 3 3 3
3

3

3

3

9

2

2
3

------------- 
Q87 .  

cos yy , y If x
x

dy cos y dy dxSolt .
dx x xcos y

sex y dy dx
x

tan y ln x C

tan ln C C tan y ln x

2

2

2

2

1 1
4

1

1 1 1
4

 

 

 

 



                                                     
 

x

, y If x

dy dy
Solt . x tan y xdx

dx tan y
co s y

 dy x dx
sin y
ln sin y x C ,

Condition ln sin C C

ln sin y x sin y e

x y dx xydy

dy x y xSolt . , x
dx xy x

y
dy x

dy
x tan y

dx

dx

2

2

2 2

2 2 2

2

2

2 0
2

2 2

2

0 0
2

2 3 2 0

3 0
2

1

2

3
T he eq uati on i s H emo genu ou s

yf
y x
x

y
Let u y u x

x
u

u
u u u

u

dy du du
u x u x
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